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S T A T I O N A R Y  S T A T E S  OF CHAIN R E A C T I O N S  
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1. P r o c e s s  i n v o l v i n g  r a d i c a l s  of one  type .  T h e  
t h e o r y  of c h a i n  r e a c t i o n s  [1, 2] d e a l s  w i t h  t h e  l i n e a r  

d i f f u s i o n  e q u a t i o n s ,  w h o s e  s o l u t i o n  d e f i n e s  t he  r a d i -  
c a l  c o n c e n t r a t i o n  in  s o m e  r e s t r i c t e d  v o l u m e  V. 

Consider a simple process involving radicals of one type. Here 
there are two reactions, the main one being 

A-4- R - - * B +  ( v +  t) R 

(a radical R interacts with the initial substance A to give product B 
and v ~- 1 new radicals) and the secondary one being quadratic inter- 
action of chains 

a -}- R --* (~ '@ 2) R,  

Usually u' + 2 = 0, which leads to chain termination. This chain 
reaction may occur in a closed volume or in a flow. 13oundary con- 
ditions are specified for the radical and reactant concentrations at 
the walls of the vesseI. The boundary condition for the radicals is 
usually zero concentration, which corresponds to chain termination 
at the wag, but boundary conditions of other types occur if radicals 
are generated at the wall. 

T h r e e  c o n d i t i o n s  a r e  p o s s i b l e :  no  r e a c t i o n ,  e x -  

p l o s i o n ,  a n d  a s t e a d y  r e a c t i o n  of f i n i t e  r a t e .  T h e  l a s t  

is the only one technically usable, and it must be 
maintained by continuously supplying reactants and 
removing products, as by performing the reaction 
in a flow apparatus. We may speak of a steady state 
in the absence of a flow of reagents if we consider 
the walls as semipermeable, letting in reagents and 
letting out products. 

The linear approximation for the steady state is 
as follows in terms of the dimensionless concentra- 
tion 77 of the radicals R in a closed volume: 

V%l + ~zl = 0. (1.1) 

The trivial solution to this is asymptotically stable 
for X < XI, in which X1 is the first eigenvalue of the 
Laplace operator ~72 in region V with given boundary 
conditions. For X < XI the reaction either does not 
occur at all or occurs in a steady state when there is 
an external source of radicals; for 2, > X I we get ex- 
plosion [i, 2]. 

The equations of a real chemical process are non- 
linear, on account of effects such as heating by the 
reaction, consumption of initial materials, and qua- 
dratie chain interaction. All three sources of non- 

linearity occur even in the simplest chain reaction 
involving a single type of radical. The steady-state 
process in a closed volume is described by the fol- 
lowing system of equations: 

V% + ~ [ / ( 0 ) ( ~  + l )  n + ~ n  ~1 = 0  

V*O + h ; ~ / ( 0 )  ( ;  + 1) ~3 = O, 

v2; - g M  (0) (; + 1) n = o,  

0 ~ co ' ~, vkol~co 
f (0) = exp i ~- H ToO/F ,  - -  D ' 

It qc~ D ko'v' 
~• ' g = ~-TUD" ~ = ~ " (1.2) 

H e r e  ~ = (c - Co)/e0 i s  t h e  d i m e n s i o n l e s s  r e a c t a n t  

c o n c e n t r a t i o n  a n d  0 = E(T - T 0 ) / R T  ~ i s  t h e  d i m e n s i o n -  

l e s s  t e m p e r a t u r e ;  c 0 and  T O a r e  c h o s e n  to  b e  s u c h  t h a t  
t h e  b o u n d a r y  c o n d i t i o n s  f o r  ~ and  0 a r e  h o m o g e n e o u s .  

A l s o ,  Z, h, g, and  p a r e  d i m e n s i o n l e s s  p a r a m e t e r s ,  

k0 i s  t h e  r a t e  c o n s t a n t  of t he  m a i n  r e a c t i o n  f o r  0 = 0, 
E i s  t h e  a c t i v a t i o n  e n e r g y ,  q i s  t h e  h e a t  of r e a c t i o n ,  

R i s  t h e  g a s  c o n s t a n t ,  D and  D'  a r e  t h e  d i f f u s i o n  c o -  
e f f i c i e n t s  of r a d i c a l s  and  m o l e c u l e s ,  ~r i s  t h e  t h e r m a l  

d i f f u s i v i t y ,  y i s  t h e  t h e r m a l  c a p a c i t y  of  un i t  v o l u m e ,  

and  k~ i s  t h e  r a t e  c o n s t a n t  f o r  t h e  i n t e r a c t i o n  of r a d i -  

c a l s  at  0 = 0. In  (1.2) we n e g l e c t  t he  t e m p e r a t u r e  d e -  
p e n d e n c e  of t h e  i n t e r a c t i o n  of t he  r a d i c a l s ,  and  a l s o  

t h e  h e a t  p r o d u c e d  b y  t h i s  r e a c t i o n ,  s i n c e  t h e s e  e f f e c t s  

a r e  u n i m p o r t a n t  in  t h e  a p p r o x i m a t i o n  s u f f i c i e n t  f o r  

o u r  p u r p o s e .  

S y s t e m  (1.2) r e s e m b l e s  (1.1) in  a l w a y s  h a v i n g  a 

t r i v i a l  s o l u t i o n ;  m o r e o v e r ,  t h e  n o n l i n e a r i t y  d o e s  no t  
a f f e c t  t h e  s t a b i l i t y  of t h i s  s o l u t i o n ,  and  t h e  e x p l o s i o n  

l i m i t  i s  s t i l l  d e t e r m i n e d  b y  t h e  f i r s t  e i g e n v a l u e  of V 2 

in v o l u m e  V w i t h  t h e  b o u n d a r y  c o n d i t i o n s  i m p o s e d  on 
~7. H o w e v e r ,  a m a r k e d  d i f f e r e n c e  in t h e  n o n l i n e a r  

s y s t e m  is  t h a t  i t  c a n  h a v e  p h y s i c a l l y  m e a n i n g f u l  n o n -  

t r i v i a l  s o l u t i o n s ,  w h i c h  m e a n s  t h a t  c e r t a i n  c o n d i t i o n s  

g i v e  r i s e  to  a s t e a d y  s t a t e  in  w h i c h  t h e  r e a c t i o n  

o c c u r s  at  a f i n i t e  r a t e  in  t h e  a b s e n c e  of e x t e r n a l  

s o u r c e s  of r a d i c a l s .  A t h e o r e m  [3] e s t a b l i s h e s  t h a t  

t h e r e  a r e  n o n t r i v i a l  s o l u t i o n s  to  (1.2).  C o n s i d e r  t h e  

o p e r a t o z  e q u a t i o n  

n = LA~ (1.3) 

in  w h i c h  2t i s  a n u m e r i c a l  p a r a m e t e r  and  A is  a c o m -  
p l e t e l y  c o n t i n u o u s  n o n l i n e a r  o p e r a t o r  h a v i n g  a d i f -  

f e r e n t i a l  B a t  t h e  o r i g i n  0 of t h e  B a n a c h  s p a c e  and  

s a t i s f y i n g  t h e  c o n d i t i o n  A 0  = 0. T h e n  e a c h  c h a r a c -  
t e r i s t i c  n u m b e r  of odd m u l t i p l i c i t y  of B i s  a p o i n t  of 

b i f u r c a t i o n  of  o p e r a t o r  A,  t h i s  p o i n t  c o r r e s p o n d i n g  

to  t h e  c o n t i n u o u s  b r a n c h  of t h e  e i g e n f u n c t i o n s  of A. 

By d e f i n i t i o n ,  n u m b e r  ~0 i s  c a l l e d  t h e  p o i n t  of b i f u r -  

c a t i o n  of o p e r a t o r  A if  f o r  any  e, 5 > 0 t h e r e i s  a 

c h a r a c t e r i s t i c  n u m b e r  X of o p e r a t o r  A s u c h  t h a t  IX - 
- ~'0] < e, a n d  to  n u m b e r  X t h e r e  c o r r e s p o n d s  at  l e a s t  

one  e i g e n f u n c t i o n  77 w i t h  n o r m  IIrTll < 5. T h e  p r e s e n c e  

of a c o n t i n u o u s  b r a n c h  of e i g e n f u n c t i o n s  m e a n s  t h a t  

t h e  s p e c t r u m  of t h e  o p e r a t o r  i s  c o n t i n u o u s  and  t h a t  
(1.3) h a s  a n o n t r i v i a l  s o l u t i o n  f o r  any  X in s o m e  i n t e r -  

v a l  l y i n g  a r o u n d  o r  to  one  s i d e  of t h e  p o i n t  of b i f u r -  

c a t i o n  ~0- 
We c o n v e r t  (1.2) to  a s y s t e m  of n o n l i n e a r  i n t e g r a l  
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equat ions of H a m m e r s t e i n  type,  

= ~.$K (x, ~) I/(0) (~ + l)~ + pn*l d~ 
V 

0 = h~.[K ~ ~ ) / ( 0 ) ( ~ +  t)~ld~-----h ~ ~,~l) 
v 

; = --gX~K' (x, ~) 1(0) (~ + 1) vld~ ~ A'  (0, ;, ~l) 
V 

(1.4) 

in which the k e r n e l s  K(x, ~), K~ ~), K'(x,  ~) a r e  
G r e e n ' s  funct ions of the  Lap lace  o p e r a t o r  in vo lume 
V with boundary  condi t ions  i m p o s e d  r e s p e c t i v e l y  on 
~7, 0, and ~. O p e r a t o r s  A ~ and A'  for  IIr?[I suf f ic ien t ly  

s m a l l  s a t i s f y  

I1A(m 01, ~) - - h ( n ,  03, ~01l-.< ~~ [10~ - 

with cons tan t s  a~  a '  < 1; the p r inc ip l e  of c o m p r e s s e d  
r e p r e s e n t a t i o n s  [3] i m p l i e s  that  t h e r e  i s  a unique so lu -  
t ion 0 = R~ ~ = R'V, the r e s o l v e n t s  R ~ and l t '  be ing  
continuous o p e r a t o r s .  Hence,  fo r  I]~?[I s m a l l ,  s y s t e m  
(1.4) may  be r educed  to a s ing le  i n t eg ra l  equat ion of 
the f o r m  of (1.3) with the non l inea r  o p e r a t o r  

A n = l K ( x , ~ ) [ l ( R ~  t)n+lxn~].  (i .5) 

O p e r a t o r  (1.5) i s  c o m p l e t e l y  continuous,  b e c a u s e  
K(x, ~) is  p e r m i s s i b l e  and the function in b r a c k e t s  is  
cont inuous in V; at the  or ig in  of the Banaeh space  i t  
has  the  d i f f e r en t i a l  

=- l K (x, ~) ~ a~. (i .  6) B~ 
V 

The c h a r a c t e r i s t i c  n u m b e r s  of o p e r a t o r  B co inc ide  
with the  e igenva lues  of V 2 and so  a r e  a l l  s imp le .  The 
f i r s t  point  of b i f u r c a t i o n  of the  o p e r a t o r  of (1.5) co -  
i nc ide s  with the  point  X1 where  the t r i v i a l  so lu t ion  of 
(1.2) b e c o m e s  uns tab le .  

It is  insuf f ic ien t  fo r  our  p u r p o s e  to p rove  that  t h e r e  
is  a non t r i v i a l  so lu t ion ,  s ince  a so lu t ion  of p h y s i c a l  
s i gn i f i cance  mus t  be pos i t i ve  and s tab le .  O p e r a t o r  A 
a l lows of the  fol lowing r e p r e s e n t a t i o n  n e a r  the point  

of b i fu rca t ion :  

A+I ---- B~I + C'q -4- D~I, 

in which B is  a l i n e a r  o p e r a t o r ,  n a m e l y  the d i f f e r e n t i a l  
of (1.6), C i s  a homogeneous  quad ra t i c  o p e r a t o r ,  and 
D is  an o p e r a t o r  whose  o r d e r  of s m a l l n e s s  is  g r e a t e r  
than 2. It has  been  shown [4] that  the  s ign  of the  non-  
t r i v i a l  so lu t ion  n e a r  the  point  of b i f u r c a t i o n  i s  d e t e r -  

mined  by  

sign ~ [~l (~)1 ---- - - s i gn  ~ (C9o) �9 sign (~ --~'0) (1.7) 

in which ~v 0 i s  the  n o r m a l i z e d  e igenfunct ion  of B c o r  A 
r e spond ing  to  X0 and ~ 07) i s  a l i n e a r  funct ional ;  f o r  
the  c a s e  of a s e l f - c o n j u g a t e  o p e r a t o r ,  

N) = I ~ (z) ~0 (x) d~. 

Since n e a r  the  point  of b i f u r c a t i o n  we have,  to 

t e r m s  above the f i r s t  o r d e r  of s m a l l n e s s ,  that  

K ~ (x, ~) ~l d~, ~ = - -  gL K' (x, ~) ~1 d~, 
, V 

then 

E~I -- I K (x, ~) [h~o~l ! K~ (~, ~) ~ld~ --  

o ] 
- -  g~,on ! K' (~, x) ~1 d~ + 1~1 ~ d~, 

and the o p e r a t o r  of (1.5) has pos i t ive  e igenva lues  in 
the  reg ion  X > ~0 if  

F = gi(po~(X)'Co' ( x )dx - -h  l%2(x)~Po~ (x)dx - 

- -  I~ !% ~ (x) dx > 0 ,  ( i . s )  

where  

"r ~ (x) ~ ~,o ~ K~ (x, ~) % (~) d~, 
V 

~P0' (x) =_2 L o l g '  (z, ~) % (~) d~. (1.9) 

F o r  F < 0 the  b r a n c h  of pos i t i ve  e igenfunct ions  
l i e s  in the  r eg ion  ~, < X0. 

This  r e s u l t  m a y  be  d e m o n s t r a t e d  by expanding the 
so lu t ion  n e a r  the b i f u r c a t i o n  point  as  a s e r i e s  in the 
s m a l l  p a r a m e t e r  e = X - X 0. The r e s u l t i n g  a p p r o x i -  
ma te  so lu t ion  i s  then examined  fo r  s t ab i l i t y .  The 
s e r i e s  expans ion  i s  p e r f o r m e d  d i r e c t l y  fo r  s y s t e m  
(1.2). We seek  a so lu t ion  in the f o r m  

1 l = e~ (I) ~ e~ (2) ~ �9 �9 �9 , 0 : eO (I) '-I- �9 �9 �9 , 

(1.10) 
= ~ ( ~ ) §  

Subst i tu t ion of (1,10) in to (1.2) g ives 

VZ~l (1) + Xo~(1) = 0, V~0 O) ~ h;~o~(1) = O, 
(i.ii) 

V2~(I) - g~o~l (I) = O, 

V~l (~) + ~dl (~) + @) + ~o bl m 0(~) + 

+ ~1(1) ~(1) -4- Iz (*10)) ~] = 0. (1.12) 

F r o m  (1.11), with (1.9), we have 

~l(t) = aq~o ' O(t) = ah~oO, ~(i)  = _ a g ~ o '  ' (1 .13 )  

where  a i s  a cons tan t  as  ye t  unde te rmined .  Subs t i tu -  
t ion of (t .13) into (1.12) shows tha t  th is  is  so lvab l e  if  

~t + ~,o~t' [h S cPo'*o~ dx --  g ! ~o~*o' dx + ~ f *oa dx] -= O , 
v v 

whence e i t h e r  ~ = 0, which c o r r e s p o n d s  to the t r i v i a l  

so lu t ion ,  o r  

+ ~ r 3 dx -1 = "~---F- ' 
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and so as a f i r s t  approximat ion  

Xo$ ' 

with, f rom (1.7) and (1.8), ~7 > 0 for  ~ >~0 and F > 0 
or for  2, < ~0 and F < 0. In the l a t t e r  case  11~711in- 
c r e a s e s  f rom the cont inuous b ranch  as 2 d e c r e a s e s ,  
which is a phys ica l ly  inappl icable  solution; also,  the 
ex is tence  of an inf ini te  set  of non t r iv ia l  solut ions  
co r r e spond ing  to an inf ini te  set  of e igenvalues  of V z 
is equal ly unacceptable .  F u r t h e r  examina t ion  shows 
that all  these  inappl icable  solut ions  a re  unstable .  

Let ~7" = 77- ~7 ~ 0 " =  0 - 0~ ~ * =  ~ - ~ ~  
deviat ions of ~7(x, t), 0(x, t), ~(x, t) f rom the i r  s teady-  
s ta te  va lues  ~?~ 0~ ~~ as defined by (1.2). The 
s t eady - s t a t e  solut ion is  a sympto t ica l ly  s table  if the re  
is a S >  0 such that f rom II~/*ll < 5, I[0"11 < 5~ II~*l] < 5 
it follows t h a t v * - - 0 ,  0 " - - 0 ,  ~ * ~ 0  f o r t - - o %  
Near  the s teady state  the t ime  dependence of V*, ~*, 
and 0* is defined by the l i n e a r  sy s t em 

0~* + ~ [/(o~ (F + i)~* + 2~o~ * + v2~ �9 

~o o0. = v~o, + h~[/(0 o) (F + t)~* + 

d/ o o + (w)o=oo  + o* + / (o o) , o c ] ,  (1. 15) 

= - !I (0~ + + 

/ d/ \ o,~o 
+ ~ - ) ~ = o o ~  t~ + ~)0' + / (0~  *, 

in which r = tD/ /2  is the d i m e n s i o n l e s s  t ime  and f i ~  

= D/z,  fl' = D/D' .  We seek the solut ion to (1.15) in 
the fo rm 

~* = e~= ~ (x),  O* = e~ �9 ~v (x),  ~* = e ~ w  (x).  

Near  the point of b i fu rca t ion  we have, to t e r m s  
above the f i r s t  o rde r  of s m a l l n e s s  in s = 2, - 2,0, that 

h% ~ g%" 
V~u+(X o - ~ ) u + ~  t-~ ~ ~ ~- 

V~v + h)~ou - -  ~~ + sh  (J_ ' rh%~ 

(1.16) 
0 ,  

[ hg0 ~ _ 

0 F 

This  s t e a d y - s t a t e  so lu t ion  is  a sympto t i ca l ly  s tab le  
if (1.16) has non t r i v i a l  so lu t ions  only for  # < 0. We 
seek the solut ion in the f o r m  

V ~ = ~ ( ~  u = u(~ + e u O ) +  . . . .  
v ~ v  (~  = w  (~ + . . . .  

Then 

V~u(~ + (~'o --~ t<~ u(~ = O, 

V~v(~ + h)~ou(O) ~ ~~176 v(~ = 0, 

V 2 w ( O )  _ g~,ou(O) ~ fj,p/o) w (~ = 0 ,  
(1.17) 

h% ~ V~u(1) + (~.o - -  ,u(0)) u(1) - -  ~(Ou(~ + (1 + 
F 

).,0, + <.,0, + w 0,1 = 0 

F r o m  {1,17) we see that, if 2, o coincides  with any 
eigenvalue of V 2 except the f i r s t ,  there  are  n u m b e r s  
p(0) > 0 such that u(~ ~ 0, so, for  ]el suff ic ient ly  
smal l ,  sy s t em {1.16) has non t r iv ia l  solut ions for  p > 
> 0. Hence the nont r iv ia t  s t a t ionary  solut ions  are  un-  
s table  for b ranches  cor responding  to all points of b i -  
furcat ion,  ~ = ?h, the l a rges t  p(0) = 0, and (1.17) 
gives 

u(0) = ~0 (z), v (~ = h~0 ~ (x), w (~ = - -  g~;0' (x), 

(the a r b i t r a r y  constant  is omit ted as being un impor -  
tant). T r a n s f e r r i n g  to the equation for  the f i r s t  ap- 
proximat ion ,  we find that this is soluble  for  p(1) = - 1 ,  
so, for  [~[ suff ic ient ly  smal l ,  the l a rges t  value of p 
has the same sign as ~1 - X. Hence, s table  posi t ive 
s t eady - s t a t e  solut ions  (ones belonging to the cont inu-  
ous b ranch  f rom the f i r s t  point of b i furcat ion)  exist  
only for ~ > X 1. The sole s table  solut ion to (1.2) for  

< 2,1 is t r i v i a l  (no react ion);  the re  are  no s table  
solut ions  for  X > I 1 if (1.8) is not obeyed for  the va lues  
of the p a r a m e t e r s  co r re spond ing  to X = X1 (F < 0), and 
explosion occurs ;  but if F > 0, then for  X > X1 there  
exis ts  a s ingle  s table  non t r iv i a l  s t eady- s t a t e  solut ion,  
i. e . ,  the chain reac t ion  occurs  in a s teady s ta te  with 
a f ini te  ra te  in the absence  of ex te rna l  sources ,  the 
s t eady - s t a t e  r ad ica l  concen t ra t ion  being i n v e r s e l y  
r e l a t ed  to [FI. 

If all  the v a r i a b l e s  a re  subjec t  to the s ame  bound- 
a ry  condi t ions  (e. g . ,  ze ro  ones), (1.8) takes the 
s imple  fo rm 

F =  g - - h  - - ] z > 0 .  (1.18) 

If we neglect  chain in t e rac t ion  (the effect should 
not be decis ive) ,  condi t ion (1.18) may be put as 

E qc o D" <I. (i.19) 
R T  o ~(T o 

This  shows that the condi t ions  for  a non t r iv i a l  
solut ion a re  se t  up by lower ing  the reac tan t  concen-  
t r a t i on  and r a i s i ng  the wall  t e m p e r a t u r e .  

2. P r o c e s s  involving rad ica l s  of d i f ferent  types.  
This  is  the genera l  case  of a p r oc e s s  in a flow s y s t e m  
involving an a r b i t r a r y  n u m b e r  of r eac t ions .  This  in-  
t roduces  vec to r  funct ions  and d i f fe rent ia l  ope ra to r s  
that a re  not se l f -con juga te ,  but it is found that  the 
condi t ions  for  ex i s tence  of a s table  s t a t i ona ry  so lu-  
t ion  do not change e s se n t i a l l y  in form.  

We envisage  a p roces s  involv ing  di f ferent  r ad ica l  
types  and inc luding  all  poss ib le  un i - ,  b i - ,  and t r i -  
m o l e c u l a r  r eac t ions  be tween these  and with the s table  
molecu les .  We in t roduce  d i m e n s i o n l e s s  v a r i a b l e s  of 
two types.  Let the components  77 i of vec to r  ~? be the 
d i m e n s i o n l e s s  concen t r a t i ons  (scale Co) of the r ad ica l s  
or of i n t e r m e d i a t e s  that decompose  to r ad i ca l s ,  while 
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the components  ~i of vector  ~ are the d imens ion les s  
concent ra t ions  (scale c o and ini t ia l  levels  ci0 , chosen 
such that the boundary  condit ions for the gi are  homo- 
geneous) of the ini t ia l  r eac tan t s ,  reac t ion  products ,  
or i n t e rmed ia t e s  whose reac t ions  do not give r i s e  to 
rad ica l s ;  vector  ~ also includes the d imens ion le s s  
t e m p e r a t u r e  (T-T0)/T0.  The equations desc r ib ing  the 
steady state in the genera l  case  have the fo rm 

L~I + l (n, ~) = 0, L'~ + 1' (n, ~) = 0. (2.1) 

Here L and L' are  s e c o n d - o r d e r  di f ferent ia l  opera-  
to rs  in the space of vec tor  functions.  The usual  form 
for L is* 

L =  IV ~ - P c 0 ( x )  V 

where  I is unit  ma t r ix  and P is  a diagonal ma t r i c  com-  
posed of the n u m b e r s  Pi = /w0/Di ,  in which l is  the 
l i n e a r  sca le  and D i is  the effective diffusion coefficient  
of rad ica l  i; w(x) is the d imens ion les s  flow speed at 
point x (scale w0). 

Opera tor  L' has the same s t r uc tu r e  with a m a t r i x  
P ' ;  f(~?, ~) and fl(~, ~) a re  non l inea r  vec tor  functions 
whose components  are  12ai/Dico, laal/Dlc~ in which 
a i and a[ are  the ra tes  of fo rmat ion  of the co r r e spond-  
ing r ad ica l  or  subs tance  per  unit  r eac t ion  volume.  The 
component  of f '  co r respond ing  to the d imens ion l e s s  
t e m p e r a t u r e  has the fo rm 12a~ in which a~ is the 
ra te  of heat r e l ease .  We a s sume  that  only reac t ions  
involving rad ica l s  have apprec iable  ra tes ,  s o f i  and 
f~,  and also afi /0~j,  Of[/O~j, a re  exactly zero for  
~ = 0 .  

Equations (2.1) a re  defined in some closed region 
V with homogeneous boundary  condit ions.  

System (2.1) always has a t r i v i a l  solut ion whose 
s tab i l i ty  region coincides  with the s tabi l i ty  region  of 
the l i n e a r  sy s t em 

0l 
(2.2) 

in which A is the Jacobi  m a t r i x  of the vec to r  funct ion 

f(v,  ~). 
We examine  the l i n e a r  s y s t e m  on the a s sumpt ion  

that the Pi a re  the same  for all r ad ica l s ,  i. e . ,  that 

L = IL, L = V ~ -  Pco (x)V, 

and that  the s ame  boundary  condi t ions  (e. g . ,  zero  
ones) a re  imposed  on the concen t ra t ions  of all  r a d i -  
cals .  

Let U and U -1 be m a t r i c e s  composed r e spec t ive ly  
of the c o l u m n - v e c t o r s  and l i n e - v e c t o r s  of m a t r i x  A, 

A U  = UA, U -1A -~ AU -1, 

where  A is the n o r m a l  fo rm of m a t r i x  A. We i n t r o -  
duce a new var iab le :  a vec tor  y whose components  

a re  Yi, 

"q = Ug, ~1~ = ~ uljyj. (2.3) 
3 

We mul t ip ly  (1.2) f rom the left  by U -1 to conver t  

it to 

Lg + Ay = O. (2.4) 

*We a s s u m e  that  the flow is i n c o m p r e s s i b l e ,  so 

that Vw(x) = 0. 

This conversion corresponds to transition to an 
orthogonal net of reactions in the formal theory of 

unimolecular isothermal reactions [5], but the present 
system differs in that matrix A in the general case 

cannot be reduced to a symmetric one by similarity 
t r a n s f o r ma t i ons  and also in that ma t r ix  A is not ob- 
l iged to be diagonal. The proper ty  of A of impor tance  
to us is  that all  i ts  nondiagonal  e lements  are  non-  
negative.  We can state  a n u m b e r  c such that all  the 
e lements  of ma t r ix  A + = A + eI are  nonnegat ive,  
whereupon all the eigenvalues of ma t r ix  A + exceed 
the co r respond ing  ones of A by c, while the e igen-  
vec tors  of the two m a t r i c e s  coincide. A theorem due 
to F roben ius  [6] indica tes  that the eigenvalue of A + 
la rges t  in modulus is rea l ,  posi t ive,  and s imPle  , 
while the components  of the co r respond ing  co lumn 
and row vectors  a re  all  posit ive.  All of these  prop-  
e r t i e s ,  except the obl igatory pos i t iveness  of the 
l a rges t  e igenvalue,  apply also to ma t r ix  A, which 
has nonnegat ive  nondiagonal  e lements .  

Opera tor  L has analogous proper t ies .  The in tegra l  
opera tor  co r respond ing  to L, 

l K (x, ~) ~d~ B? = 

v 

(on which K(x, ~) is the G r e e n ' s  function) is posi t ive  
(i. e . ,  t r a n s f o r m s  any nonnegat ive  function into a 
nonnegat ive  one); a theorem [6] ind ica tes  that i ts  
e igenvalue l a rges t  in modulus (to which co r responds  
a posi t ive e igenfunct ion ~0) is rea l ,  posi t ive,  and 
s imple .  The c h a r a c t e r i s t i c  n u m b e r s  of B coincide 
with the e igenvalues  k of L, so the f i r s t  (least) e igen-  
value )to of L is  rea l ,  posi t ive,  and s imple .  

Let X 1 be the l a rges t  e igenvalue of A. The t r i v i a l  
solut ion to (2.2) or (2.4) is uns tab le  for  k 1 > X0, and 
X1 = X0 defines the explosion l imi t  or the f i r s t  point 
of b i fu rca t ion  of (2.1). 

It is of interest  to compare  the explosion l im i t s  of a f low system 

and of a system having  no reagent  flow. Operator L has a conjugate  

operator L* = V z + Pw(x)V and al lows of separat ion into t e a l  and 

imag ina ry  parts, 

L = B  + iS, R = ( L + L * ) / 2 =  V ~, 

o c = (L - -  L*)  / 2 i  = iPo) (x)V 

in which R and S are se l f - con juga te  operators.  If ~o 0 and q~0 are 

normal i zed  e igenfunct ions  of L and L* corresponding to k0, then 

Refr162162 (2.5) 
v V 

But 

f (~o*R% dx  >~ ~o (n),  
V 

where k~ R) is the leas t  e i genva lue  of R = V 2 , so (2.5) can be obeyed 

only  for k0 > k~ R), so the least  e igenva lue  of L exceeds  the leas t  

e i genva lue  of the Laplace operator in the same region V, i . e . ,  the 

presence of a d i rec t iona l  f low s tab i l izes  the chain  process and dis-  

p laces  the explosion l i m i t  k0 upwards. The fol lowing are two s imple  

example s :  
1) One -d imens iona l  flow along the x axis at  a constant  speed w0, 

d 9- . d 
L = u  

If the reaction occurs in section 0 -< x -< 1 and the radicals are removed 
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at the ends, then 

2) A cylinder 0 -<x -< I, 0 -r -<R;flow with a constan~ speed 

w 0 along the x axis, zero boundary conditions. Then 

Oe 0 O~ t O p~ P~ 

where p is :he first zero of the Bessel function 10(r). In both cases the 

explosion l i m i t  exceeds  the l i m i t  in the absence of the flow by t9 /4 .  

If in these examples we neglect the diffusion transport along the 

flow direction, as is usually done in hyd/odynamic problems, we 

conclude that the trivial solution is always stable, that there are no 

points of bifurcation, and that explosion is impossible. For the general 

case this corresponds to replacing L by the first-order differential 

operator P~(x)V, which obviously has no eigenfnnctions that become 

zero at the boundary of the closed region. In fact, we cannot neglect 

the diffusion t e rm if  fast reac t ions  are involved ,  because  these set up 

l a rge  concent ra t ion  gradients  a long the f low di rec t ion .  

Cons ide r  now the n o n l i n e a r  p rob lem,  which may 
be examined  by the method used above for  the one-  
d imens iona l  ease .  To examine  the s ign and s tab i l i ty  
of the t r i v i a l  so lut ion n e a r  the b i fu rca t ion  point it  is  
sufficient to wr i t e  the equat ion for  ~ in the l i n e a r  
approximation and that for ~ in the quadratic one. We 
have 

L'~ -}- A'~I = 0, (2.6) 

L,I + Arl + ~B~ + ~B'~ = 0, (2.7) 

where A' is a rectangular matrix with the elements 

aiJ = \ 0~li /~=r.=o 

and B and B' a re  t h i r d - r a n k  m a t r i c e s  with the e l e -  
men t s  

b~j~ = ~ -  \ oq~o~l~ /~=~=o' b ~  = \ 0~1i0~ ~ ]~=~=o. 

The so lu t ion  to (2.1) or to (2.6) and (2.7) n e a r  the b i -  
fu rca t ion  point  is  sought as a s e r i e s  in 8 = ;h - ~0, 

~ = e'q~(~) -? e~(~) ~- . . . .  y~ = eyia) + s~y~(~) -{- . . . .  

~ = ~ ( r )  + . . . .  ( 2 . 8 )  

The equat ions  for  the funct ions  of the f i r s t  approxi -  
mat ion  coincide  with (2.4) and (2.6); the solut ion g ives  

gi (~) = a% (x), y~(') ~ 0 (i ~ t) 

~h a) = a u ~ %  (x) 

:i(') = a Z a~; ui '  i K (  (x, ~) % (~) d~ ~_ a,~ (x). 
i v 

(2.9) 

Here  ga0(x ) is the n o r m a l i z e d  e igenfunct ion  of L in  
region  V c o r r e s p o n d i n g  to e igenvalue  )% sub jec t  to 
the bounda ry  condi t ions  for  V, while K~(x, ~) is  the 
G r e e n ' s  funct ion of L~ in the reg ion  V subjec t  to the 
b o u n d a r y  condi t ions  on ~i" Constant  a is deduced 
f r o m  the condi t ion  for  so lub i l i ty  of the equat ions  for  
the func t ions  in the second approx imat ion .  We have 
seen  above that all  u i l >  0, so the so lu t ion  to this  
s y s t e m  is pos i t ive  for a > 0. We t r a n s f o r m  (2.7) in 

accordance  with (2.3); us ing (2.8) and {2.9), we get 
the equation for yt 2) as 

LYl (~) + ~.oyl (~) -k a% + a 2 (ra% s q- % ~ gi~i) = 0, 

= ~ u-~b" . air = ~ ,~u~bi j~uj tuk l ,  gk ~,~". ,i i~ " 
(2.10) 

Equation (2.10) is  soluble e i ther  for  o~ = 0, which 
co r re sponds  to the t r i v i a l  solution,  or  if 

V i V 

where  (p~ is the n o r m a l i z e d  eigenfunction of the con-  
jugate opera tor  L* in region  V for e igenvalue X 0 sub-  
jeer to the boundary  condit ions for ~7. If (2.10) is 
soluble,  the equat ions for  the other  funct ions of the 
second approximat ion  a re  also soluble,  

Hence (2.1) has posi t ive solut ions in the region  

- P  + o, (2.12) 

or in the region  ~1 < A0 in the conve r se  case.  The 
proof of the asymptot ic  s tab i l i ty  of the solut ion for 
Xl > )~0 is der ived  exact ly as for  the one -d imens iona l  
case  and wil l  not be given. Hence (2.12), as t e s ted  
with the va lues  of the p a r a m e t e r s  co r r e spond ing  to 
Xl = ~0, is  the condit ion for  there  to be a s table  s t a -  
t i ona ry  s ta te  for  )~1 > ;~0 such that the p rocess  occurs  
at a f ini te  ra te  in the absence  of ex te rna l  sources  of 
rad ica l s .  

We may examine  the condi t ions  for  the ex is tence  
of non t r i v i a l  so lut ions  to (2.1) a lso  in  the mos t  gene ra l  
case ,  where  the l i n e a r  s y s t e m  of (2.2) does not reduce  
to the fo rm of {2.4). Let (2.2) have a non t r iv i a l  so lu-  
t ion for some value A0 of A; then A0 wil l  be a b i fu r -  
ca t ion value  of A, so the re  mus t  be non t r iv i a l  solut ions  
to (2.1) of sma l l  n o r m  for the vec tor  funct ion f of (2.1) 
with a Jacobi  m a t r i x  A close  to A 0. We may a s s e r t  
that  the non t r iv i a l  so lu t ions  f rom the b r a n c h  c o r r e -  
sponding to A = A 0 can  be s table  only if  the nons ta t ion -  
c r y  equat ion co r r e spond ing  to (2.2) does not have so lu -  
t ions  at A = A 0 that i n c r e a s e  with t ime  without bound. 
The m a t r i x  A 0 with this  p rope r ty  is the analog of the 
l e a s t  e igenvalue  of an opera to r  in the space of s c a l a r  
functions. 

Let ~0 and ~ be normalized vector eigenfunctions 

of L and L* in region V with given boundary condi- 

tions; then 

L% +A0~0 ---- 0, L*~0* -~ A0*~o* = 0, <(p, r = t, 

where  A* is the t r a n s p o s e d  m a t r i x  A 0 and <> denotes  
i n t eg ra t i on  over  the whole of V and s u m m a t i o n  with 
r e s p e c t  to the components  of the vec to r  function.  We 
put A = A 0 +cA 1 and seek a solut ion to (2.1) in the 
fo rm of the s e r i e s  of (2.8) with r e spec t  to the sma l l  
p a r a m e t e r  e > 0. The equat ions  for  the f i r s t  approxi -  
mat ion  coinc ide  with (2.2) and (2.6); so lu t ion  of them,  
by analogy with (2.9), gives 

~(n = a f K' (x, ~) A'(Po (~) d~ ~ a~o (x), (2.13) ~1(1) ~ o  (x), 
v 
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where K'(x, ~) is the matrix Green's function of L' in 
region V subject to the boundary conditions on ~. The 
equation for the second approximation for ~? becomes 

L~I (~) -~- Aol l  (2) + aA,q)o + a~%B(po + a~tPoB'% = 0. (2.14) 

This is soluble e i ther  for  a = 0, which cor responds  
to the t r iv i a l  solut ion,  or  for  

: :  __ <%*, A1%> __ 8 
<To*, %Bq)0> ~ <%*, % ,  B '%> - -  - F "  (2.15) 

Consider  the s tab i l i ty  of the nont r iv ia l  solution. 
Let the vec tor  funct ions 77" = 77 - V~ ~* = ~ - ~o be 
the deviat ions of the vec to r  funct ions ~?(x, t), s t) 
f rom the i r  s t a t ionary  values  71~ g~ as defined by 
(2.1). The t ime  va r i a t ion  of ~?* and ~* n e a r  the steady 
state  is  desc r ibed  by a sy s t em of l i nea r  equations 
with coeff icients  dependent on the coordinates .  We use 
(2.13) and (2.15) to wr i te  the equation for ~7" up to 
t e r m s  of above the f i r s t  o rde r  in e, and for ~* up to 
t e r m s  of above the zeroth order ,  

0~* 
- -  L ~ *  + - ~  ~ - -  q + (A0 + 8A0~l* (2%B~1* + 

+ q*B'~o+%B'~* ) ~' ~-~** = L'~* + A'q*, (2.16) 

where  z = t / t  0 iS the d imens ion l e s s  t ime  and fl and fl' 
a re  diagonal m a t r i c e s  with the e lements /2 t0 /Di ,  /2t0/ 
/D  i r espec t ive ly .  We seek the solut ion to (2.16) in 
the fo rm 

"q* = e~-:u (x), ~* = ev.':o (x). 

Then 

Lu + (A0 + cA1 --~[~) u + elF -1 (2q%Bu + 

+ uB'*o + %B'v) = 0 ,  (2.17) 

L'v + A ' u  - -~f i 'v  = O. 

This  s t a t iona ry  solut ion is  asympto t ica l ly  s table  
if (2.17) does not have non t r iv i a l  solut ions for  # >- 0. 
We put 

~L ~ ~1 (0) .ql_ elL(l) -~  . . ", U ~ U (0) ~ -  EU (1) + . . . .  

v = v (~ + . . . .  
In the zeroth approximat ion  

Lu (~ + (A o -- I~(~ u(~ = 0, 

L'v (~ + A'u (~ - -  ~t(~ (~ = 0. (2.18) 

The above-ment ioned  proper ty  of ma t r ix  A 0 means  
that the l a rges t  p (0) for which (2.18) has a non t r iv ia l  
solut ion is  zero; then u(~ = ~0, v(~ = ~b0 (the a r b i t r a r y  
constant  is  omitted as unimportant) .  The equation of 
the f i r s t  approximat ion for u is  wr i t t en  as 

Lu(1) + Aou~l) + AI~ o --~t(1)~% = 0. (2.19) 

This equation is  solvable if 

~ ( 1 ) =  <%*, A,%> 
<r ~q~0> " 

But (~P~, B~0} is posi t ive,  so this s ta t ionary  solu-  
t ion is posi t ive and s table  (L > 0, /~ < 0) for 

<%*, A1%> = 5 ~ 0, <%*, % B % )  + 

+ <%*, ~B ' , 0>  -= - F < 0. (2.20) 

The p roces s  then occurs  in a s t a t ionary  fashion at 
a f inite ra te  in the absence of external  sources  of 
rad ica ls .  Conditions (2.12) and A 1 > A 0 given above a re  
p a r t i c u l a r  cases  of (2.20). 

I am indebted to V. G. Levieh for i n t e r e s t  in this  
work and for useful  d i scuss ions .  
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